For some neutron stars (NSs) in the binary systems, the masses have been accurately measured. While for the isolated neutron stars (INSs), no mass measurement has been reported yet. The situation will change soon thanks to the successful performance of the Neutron Star Interior Composition Explorer (NICER), with which the radius and mass of the isolated PSR J0030+0451 can be simultaneously measured. Anyhow, for most INSs, no mass measurements are possible for NICER because of the observational limitations. Benefited from the recent significant progress made on constraining the equation of state (EoS) of NSs, in this work we propose a way to estimate the masses of the INSs with the measured gravitational redshifts. We apply our method to RX J1856.5-3754, RX J0720.4-3125, and RBS 1223, three members of "The Magnificent Seven" (M7), and estimate their masses to be 1.24 −0.11 M , respectively. These masses are consistent with that of binary neutron star (BNS) systems, suggesting no evidence for experiencing significant accretion of these isolated objects.
INTRODUCTION
Since the discovery of the first pulsar by Hewish et al. (1968) , there are more than 2500 neutron stars (NSs) detected in the Galaxy and the masses of a small fraction of these objects, usually in neutron star binary systems, have been accurately measured with some feasible approaches (see a comprehensive review inÖzel & Freire (2016a) and references therein). These systems include: 1) timing binary pulsars with Keplerian orbit and/or post-Keplerian parameter measurements; 2) millisecond pulsars in globular clusters, or millisecond pulsar-white dwarf systems with measurements of Shapiro delay or the white dwarf's mass that constrained from spectroscopic observations; 3) neutron star (NS) with a black widow companion (Linares et al. 2018) or NS in stellar triple systems; 4) NS with high-mass companion or NS in low-mass X-ray binaries (LMXBs) with Type-I X-ray bursts powered by thermonuclear burning of accreted material.
For isolated neutron stars (INSs) that consist of about 90% of radio pulsars, the mass measurements are much more challenging and there is no report yet. Neutron Star Interior Composition Explorer (NICER), which in yzfan@pmo.ac.cn (YZF) principle can deliver measurement of radius of NS with an unprecedented accuracy using a pulse profile modeling method (Malacaria et al. 2019; Gendreau et al. 2012; Watts 2019; Özel et al. 2016c) , is excepted to solve this problem. Recently, using more than 1.9 Msec of data acquired for PSR J0030+0451, the NICER team has successfully measured the mass of a solitary NS for the first time and the results are expected to announce in the future 1 . However, measurements by NICER are heavily dependent on the accumulated observation time/data, pulse profile model, and the brightness of source. For most INSs, the masses are still unmeasurable.
In this work, we propose a new approach to infer the masses of INSs using the equation of states (EoSs) constrained with GW data, nuclear experiments, and the maximum mass of non-rotating NS. This is because with the constrained EoSs, we can map a series of massradius (M − R) points that obtained by solving TolmanOppenhimer-Volkoff (TOV) equations to the gravitational redshifts (z g ) and the masses of NS, then we have a z g − M probability distribution (see Fig.2 below) which effectively bounds the range of the mass of a neutron star (M ) for a given z g . And with the detec-tion of BNS or neutron star-black hole (NSBH) systems by LIGO/Virgo Collaboration, the radii of NSs within a wide mass range can be constrained to ∼ 10% at 90% confidence (Hernandez Vivanco et al. 2019; Jiang et al. 2019) , thus our method can achieve a reasonably high accuracy and is hence useful for constructing the mass distribution of INSs.
This work is organized as follows: In Section 2 we introduce the methods of parameterizing EoS, Bayesian parameter inference of gravitational wave (GW) data, and the approach of estimating the masses of INSs with z g . The results on the bulk properties of NS derived using the posterior samples of parameterized EoSs and masses of INSs inferred from the EoS sets with gravitational redshift measurements are presented in Section 3. Section 4 is our discussion and summary.
METHODS

Parameterizing EoS
Parameterized representations of the EoS are widely used tools to connect the properties of NS with the EoS of ultra dense matter, which can be combined with Bayesian approach to narrow down possible region of parameter space using observations of NSs and the GW data. A number of parameterizing methods to effectively represent different kinds of realistic EoS models have been developed (Read et al. 2009; Özel & Psaltis 2009; Lindblom 2010; Kurkela et al. 2014; Steiner et al. 2016; Raithel et al. 2017; Lim & Holt 2019; McNeil Forbes et al. 2019) . In this work, we will use three methods to parameterize the EoS, including the pressure-based spectral decomposition (Lindblom 2010) , the piecewise polytrope parameterization (Read et al. 2009) , and a revised version of piecewise polytrope parameterization (i.e., the so-called 4-pressure based piecewise representation ). And the first two methods are implemented in LALSimulation package (Carney et al. 2018; LIGO Scientific Collaboration. 2018) .
The first method describes the adiabatic index of an EoS as a function of pressure with four expansion coefficients {γ 0 , γ 1 , γ 2 , γ 3 },
where p 0 ≈ 5.3 × 10 32 dyn cm −2 is a reference pressure (Carney et al. 2018) . We can then construct the EoS from the functional form of adiabatic index.
The second method, which has four parameters {log 10 (p 1 ), Γ 1 , Γ 2 , Γ 3 }, however, directly express EoS as a relationship between the pressure p and rest-mass density ρ using three segments of polytrope, where p 1 is the Figure 1 . Representative EoSs of different parameterizing methods in the form of pressure versus rest-mass density. The green line represents the low density region of the EoS SLY (Douchin & Haensel 2001) . The dashed blue line, the dash-dotted orange line, and the solid brown line are obtained using the spectral decomposition method, the piecewise polytrope method, and the 4-pressures parameterizing method, respectively. The uncertainties of Pρ sat , P1.85ρ sat are obtained by nuclear theories/experiments (Lattimer & Lim 2013; Tews et al. 2017) , which have been adopted byÖzel et al. (2016b) and Jiang et al. (2019) .
pressure at density of 1.85ρ sat (ρ sat = 2.7 × 10 14 g cm
is the so-called nuclear saturation density), Γ 1 is adiabatic index anchored at (1.85ρ sat ,p 1 ), Γ 2 and Γ 3 are adiabatic indices in the two segments separated by three densities of {1.85, 3.7, 7.4}ρ sat . The EoS in each segment can be expressed as
where K i is a constant in each segment, Γ i is the adiabatic index. The third method, which is based on the work ofÖzel & Psaltis (2009) and Lindblom & Indik (2014) , adopts four pressures {P 1 , P 2 , P 3 , P 4 } at the corresponding densities of {1, 1.85, 3.7, 7.4}ρ sat to parameterize the EoS (P 2 is the same as p 1 denoted in the second method). Similar to the second method, for each piece within the two nearby density boundaries, p(ρ) also takes the polytrope form. The representative EoSs constructed from each method are shown in Fig.1 .
With a specific parameterizing method in hand, and assuming the two components of BNS share the same EoS, we can use the EoS parameters θ EOS (e.g., {γ 0 , γ 1 , γ 2 , γ 3 }) to map the source frame mass m 
where z c , q and M c are cosmological redshift, mass ratio and chirp mass of the BNS system, respectively.
Bayesian Inference
To constrain the parameter space of the EoS with GW data, we need to estimate the posterior probability density function (PDF) p( θ GW |d), given the LIGO and Virgo data d, where θ GW represents the detector frame parameters of the source. Through application of Bayes' Theorem, this posterior PDF is proportional to the product of the prior PDF p( θ GW ) and the likelihood L(d| θ GW ) of observing data d given the waveform model described by θ GW ,
If we assume stationary Gaussian noise, then the loglikelihood of single detector usually takes the function form,
are the one-sided power spectral density (PSD) of the noise, the Fourier transform of the time domain signal, and the frequency domain waveform generated using parameter θ GW , respectively. For the case of GW170817, we fix the source location to the known position (RA=197.450374
• , DEC=−23.381495
• , z c = 0.0099) as determined by electromagnetic (EM) observations (Abbott et al. 2017; Levan et al. 2017) following Abbott et al. (2019a) , and assume the spin of each NS is aligned with the orbital angular momentum. We further marginalize the likelihood over coalescence phase (assuming that the signal is dominated by the l = 2, |m| = 2 modes) and the luminosity distance to accelerate Nest sampling (Allen et al. 2012; Thrane & Talbot 2019; Abbott et al. 2019a; Radice & Dai 2019) . Thus the parameters of GW can take the form
, θ jn , t c and Ψ are dimensionless tidal deformability, component masses in source frame, aligned spins, inclination angle, geocentric GPS time of the merger, and polarization of GW, respectively.
We take the cleaned 4096 Hz GW data whose GPS time spanning [1187008682, 1187008890)s into account, to avoid any contamination produced by tapering effect after GPS time 1187008900 in the LIGO Hanford detector (De et al. 2018) . We also adopt the publicly available PSD 2 (Abbott et al. 2019b ) and waveform model IMRPhenomD NRTidal (Dietrich et al. 2017) .
As for the priors of θ GW , a uniform distribution of cos(θ jn ) is adopted, and M c , q, χ and P 1.85ρsat > 1.21 × 10 34 dyn cm −2 (Lattimer & Lim 2013; Tews et al. 2017; Özel et al. 2016b; Jiang et al. 2019) . Additionally, we limit the adiabatic index Γ(p) to lie in the range of [0.6, 4.5] for spectral decomposition. Considering the above constraints, we choose reasonable ranges for the priors of θ EOS of the given parameterizing method, e.g., the priors adopted by Abbott et al. (2018) for spectral method, the priors of Jiang et al. (2019) in their TestE for 4-pressure method, and compatible priors adopted by Carney et al. (2018) for piecewise method. Thus the choice of our priors (summarized in Table. 1) can encompass a wide variety of candidate EoSs.
Estimating the Masses of INSs with z g
The maximum gravitational mass of non-rotating NSs (M TOV ) can set a stringent constraint on the EoS parameter space (Read et al. 2009 ). So far, though the ac- tual value of M TOV still remains uncertain, its range has been tightly bounded by the measurement of the massive neutron star (MNS) with mass 2.14 +0.10 −0.09 M (Cromartie et al. 2019, PSR J0740+6620) and by the theoretical studies. In the so-called supramassive NS model for the peculiar X-ray afterglow of some short GRBs, M TOV ∼ 2.3M was suggested (Fan et al. 2013 ). An upper bound of M TOV was set to ∼ 2.17M , if a black hole central engine for GRB 170817A was formed quickly, though not promptly, after the double NS merger of GW170817 (Margalit, & Metzger 2017; Shibata et al. 2017; Ma et al. 2018; Rezzolla et al. 2018) . Very recently, considering that the angular momentum of the merger remnant of GW170817 was partly "carried away" via the neutrino emission, GW radiation, the mass ejection, and the accretion disk, the M TOV was suggested to be within the range of [2.06, 2.25]M (Shibata et al. 2019; Shao et al. 2019 ). Therefore, following Capano et al. (2019) , we adopt the range of M TOV ∈ [2.04, 2.30]M (The lower limit is slightly smaller than the 68.3% lower limit of PSR J0740+6620 due to its quick rotation) to construct the EoSs using different parameterizing methods.
To infer the masses of INSs using the EoS sets predicted by GW data, nuclear experiments, and the bounds on M TOV , we provide a novel approach described bellow. The measured gravitational redshift of NS can be transformed to its compactness, therefore, the neutron-star mass can be obtained once the relationship of M (R) is known. M − R plane. Then, it is straightforward to have the z g − M curves using
where G is the gravitational constant, c is the speed of light. Then, 1000 values of z g from the measured distribution of gravitational redshift (for instance, the accurate measurement of z g = 0.205
−0.003 for the source RX J0720.4-3125 (Hambaryan et al. 2017) ) are sampled, and for each we find the corresponding mass range using the z g −M curves of the whole EoS set as shown in Fig.2. 
PROPERTIES OF NS AND MASS OF INS
The bulk properties, e.g., tidal deformability and radius of 1.4M NS, have been investigated by various groups Annala et al. 2018; Fattoyev et al. 2018; Most et al. 2018; De et al. 2018; Abbott et al. 2019a; Fasano et al. 2019) . In this work, we reconstruct EoS using GW data with nuclear constraints and the newly inferred M TOV to obtain these properties. The 90% confidence regions of EoS are shown in Fig.3 , and the bulk properties of NS are shown in Fig.4 and Table. 2. Our results show that the distributions of both R 1.4 and Λ 1.4 have bimodal behaviors, which are consistent with Abbott et al. (2018) and Jiang et al. (2019) . As found in the data analysis of the two individual Advanced LIGO detectors by Narikawa et al. (2018) , the probability distributions of tidal deformabilities (Λ) inferred from the data of H1 and L1 are different. The underlying physical reasons are that H1 has a higher detectability than L1 at frequencies above 100 Hz (therefore a better measurability of Λ for H1 (Damour et al. 2012) ) and the specific localization of GW170817 further increases the signal-to-noise ratio of H1 (the details will be presented in a dedicated investigation by Han et al. (2019) ). Up to now, the masses of dozens of NSs in BNS or neutron stat-white dwarf (NSWD) systems have been measured (see the references inÖzel & Freire (2016a)), and the mass distribution has been investigated in the literature (e.g., Kiziltan et al. 2013; Huang et al. 2018; Tauris et al. 2017) . For INSs, the masses and the mass dis- tribution of them are unknown. Fortunately, the X-ray spin phase-resolved spectroscopic study of some bright thermally-emitting INSs and the fit of highly magnetized atmospheric models allow the community to estimate their compactness. Based on the multi-epoch observations conduced by XMM-Newton, the gravitational redshifts of RBS 1223, RX J0720.4-3125, and RX J1856.5-3754, three members of the so-called "The Magnificent Seven", have been determined to be 0.16 (Hambaryan et al. 2014 (Hambaryan et al. , 2017 . Applying the approach described in Sec.2.3, the masses of these three sources are evaluated. The 68% confidence intervals are sumamrized in Table. 3, and the mass distributions of each source are shown in Fig.5 . The narrow mass distribution of RX J0720.4-3125 is mainly governed by the uncertainty of the EoS constrained with the current data because of the very small error of the z g . While the wide mass distribution of RX J1856.5-3754 reflects its large uncertainty of gravitational redshift measurement. Note that our results are consistent among different parameterizing methods, so we incorporate an equal number of samples from the posterior of each method to get our overall results for each source (a similar procedure was adopted by Abbott et al. (2019b) ).
DISCUSSION AND SUMMARY
Different from the NSs in the binary systems, the masses of the isolated NSs are hard to measure. In this work, benefited from the significant progress made recently on constraining the EoS of NS, we propose a novel approach to estimate the mass of NS with a known gravitational redshift (see Sec.2.3 and Fig.2 ). In our approach the influence on bulk properties of NS by adopting different parameterized EoSs has been examined. We implement the generally used parameterizing methods, including the pressure-based spectral decomposition, piecewise polytrope, and 4-pressure parameterization, to construct the EoS sets by analyzing GW data with additional constraints, including the pressure range limited by nuclear theories/experiments and maximum mass of non-rotating NS. Then, we map the measured gravitational redshift to z g − M curves derived from the samples of the constructed EoS sets, and get −0.11 M , respectively. And the masses derived from different EoS sets with the three parameterizing methods are consistent with each other, which suggests that our result is reliable. The caution is that these inferred masses can not be combined with the gravitational redshifts to further constrain EoS, because they are not independent with each other. It is different from the measurements of the masses and gravitational redshifts or radii of NSs carried out by other channels, e.g., M −R obtained using LMXBs' data or z g − M observed with NICER, which are expected to tightly constrain the EoS (Weih et al. 2019) .
We also compare our results with the mass distributions of NSs in BNS and NSWD systems (Kiziltan et al. 2013) , as shown in Fig.6 . The masses of INSs are more similar with that of BNS systems, which may indicate that there were no significant mass accretion onto NSs and the measured value trace initial masses when they were born. In the future, with the detection of BNS or NSBH systems by LIGO/Virgo Collaboration and the observations of NICER, the parameter space of EoS is expected to reduce to a narrow range (Hernandez Vivanco et al. 2019 ). With our approach and the increasing samples of INSs with gravitational redshift measurements, the mass distribution of such objects can be reconstructed and their evolutionary paths will be better understood. For example, a constructed mass distribution can help to unify the apparent diversity of the classes of INSs (Potekhin et al. 2015; Viganò et al. 2013) , or help to determine the minimum mass forming a neutron star (Suwa et al. 2018) ; and the initial mass function may be used to check the theoretical expectations for remnant masses produced by electroncapture versus Fe-core collapse SNe (Podsiadlowski et al. 2004; Kiziltan et al. 2013) . Please note that our investigations are based on the assumption of the absence of phase transition. There are many works examining the existence of hybrid hadronquark star whose EoS undergoes a phase transition (Baiotti 2019; Montaña et al. 2019; Most et al. 2018; Tews et al. 2018; Annala et al. 2018) . Such phase transitions may soften or stiffen the EoS in different degrees, thus would modify the M −R relationship. Among some configurations of the phase transition, there may exist the scenarios of twin-star (Glendenning, & Kettner 2000; Schaffner-Bielich et al. 2002; Fraga et al. 2002) or twofamily hybrid stars (Drago, & Pagliara 2018) . Shown in Fig.7 are some representative EoSs suffering from phase transitions. In the measured gravitational redshifts ranges, if covered by the twin-star branches, we will get a smaller M . This is understandable because z g fixes the compactness, and a small radius points towards a small mass. However, if covered by the normal branches, the masses will be slightly enhanced since the phase transition will allow stiffer EoSs to satisfy the maximum mass constraints. Thus the masses in- ferred with z g will be influenced by the ratio of twinstar branches to the normal branches which depends on the parameter configurations of ∆e − p tr that describes the discontinuity of EoS. Using the data of GW170817 and constraints of M TOV , Most et al. (2018) showed that this ratio is ∼ 2%. The rapidly increasing sample of double neutron star merger events will considerably tighten the constraints on the possible phase transition. Then a more robust evaluation of M of the neutron star(s) with a well measured z g , as outlined in this work, will be achieved.
